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Stable high-temperature paramagnons in a three-dimensional antiferromagnet near
quantum criticality: Application to TlCuCl3
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Marian Smoluchowski Institute of Physics, Jagiellonian University, ul.  Lojasiewicza 11, 30-348 Krako´w, Poland
(Dated: September 4, 2018)
The complete set of hallmarks of the three-dimensional antiferromagnet near the quantum critical
point has been recently observed in the spin dimer compound TlCuCl3. Nonetheless, the mechanism,
responsible for several distinct features of the experimental data, has remained a puzzle, namely:
(i) the paramagnons exhibit remarkable robustness to thermal damping and are stable up to high
temperatures, where kBT is comparable with the excitation energy, (ii) the width to mass ratios of
the high-temperature paramagnons are, within the error bars, equal to that of the low-temperature
amplitude (or Higgs) mode. We propose such a mechanism and identify two principal factors,
contributing to the scaling between width to mass ratios of the paramagnon and the amplitude
mode: (i) the emergence of the thermal mass scale reorganizing the paramagnon decay processes,
and (ii) substantial renormalization of the multi-magnon interactions by thermal fluctuations. The
study is carried out for the general case of aD = 3+1 quantum antiferromagnet within the framework
of the ϕ4 model using the hybrid Callan-Symanzik + Wilson thermal renormalization group method.
Our approach is tested by demonstrating a good quantitative agreement with available experimental
data across the phase diagram of TlCuCl3.
I. INTRODUCTION
Phase diagram of a quantum antiferromagnet in three
spatial dimensions involves a quantum critical point
(QCP) which separates the Ne´el phase from the quantum
disordered state (QD) at zero temperature [cf. Fig. 1(a)].
Its central part is occupied by the quantum critical (QC)
regime indicating non-trivial interplay between quantum
and thermal fluctuations.1 The transitions between these
phases are governed by temperature, as well as by non-
thermal parameters that couple to zero-point fluctua-
tions. As one moves along the zero-temperature line,
the quasiparticles evolve from the massive excitations in
the QD phase to massless spin-wave modes in the Ne´el
state. Additionally, the amplitude (or Higgs) mode, asso-
ciated with spin fluctuations directed along the ordered
moments, is expected on the ordered side of the phase
diagram.2 Recently achieved control of dimerized anti-
ferromagnets TlCuCl3 and KCuCl3 near the pressure-
induced quantum phase transition allows for probing all
phases depicted in Fig. 1(a).3–5
Close to the critical pressure pc ≈ 1.07 kbar, stable am-
plitude modes, characterized by full width at half maxi-
mum to mass ratios as low as αH ≡ FWHMH/mH ≈ 0.2,
have been observed in TlCuCl3.
3,5 The width to mass
ratio of the paramagnons αp ≡ FWHMp/mp above the
Ne´el temperature TN turns out to be small in this com-
pound as well. Namely, within the error bars, the equal-
ity αp(T ≫ TN ) ≈ αH(T ≪ TN ) holds for various values
of pressure. In Fig. 1(b) this scaling for TlCuCl3 is de-
picted along with the straight line αp = αH as guide
to the eye. Since the paramagnons have been probed
at high temperatures (i.e., for kBT comparable with the
excitation energies), the latter relation implies a remark-
ably small influence of thermal disorder on broadening of
magnetic excitations.6 In this paper we propose a mecha-
nism protecting the paramagnons from thermal damping
and identify two principal factors responsible for the be-
havior depicted in Fig. 1(b): (i) the emergence of the
thermal mass scale mT ∝
√
λ · T , where λ denotes the
properly normalized coupling constant (see the discus-
sion below). This particular λ-dependence reorganizes
perturbation theory in such a way that αp(T ≫ TN ) be-
comes formally of the same order as αH(T ≪ TN ) and
thus allows for the linear scaling between these quanti-
ties, (ii) a substantial downward renormalization of λ by
thermal fluctuations, which, in turn, leads to reduction
of αp(T ≫ TN). We demonstrate that the latter effect
needs to be included to obtain the scaling with the cor-
rect proportionality factor.
The study is performed for the general case of three-
dimensional (D = 3+ 1) antiferromagnet near the quan-
tum critical point, within the framework of the effective
ϕ4 theory. We employ the hybrid zero-temperature and
Wilson thermal renormalization group method that al-
lows to interpolate between the quantum- and classical-
critical behaviors. It is thus suitable for a detailed com-
parison with experiments on TlCuCl3.
The paper is organized as follows. In Sec. II we de-
rive the widths of magnetic excitations below and above
the Ne´el temperature. In Sec. III we describe the renor-
malization group procedure. In Sec. IV we propose the
mechanism responsible for the scaling between αp and
αH . Finally, in Sec. V, we perform a comparison with
the neutron scattering data on TlCuCl3 across the quan-
tum critical phase diagram. The study is summarized
and related to other recent approaches in Sec. VI. The
Appendices A-B provide methodological details of the
analysis.
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FIG. 1. (Color online) (a) A schematic phase diagram of a
three-dimensional antiferromagnet near the quantum critical
point: Ne´el – antiferromagnetic phase, QD – quantum disor-
dered, QC – quantum critical, CC – classical critical. The dot-
ted lines mark crossovers. As one moves along the vertical ar-
row, the magnetic excitations evolve from spin waves and the
amplitude mode at low-temperature to the high-temperature
paramagnons. (b) The scaling between the width to mass ra-
tio for the high-temperature paramagnons and that for the
low-temperature amplitude mode. Squares are experimental
data of Ref. 5 and the dashed straight line αp = αH is guide
to the eye. The high-temperature data have been collected
at ≈ 11.5 and 13K for p = 1.75 and 3.6 kbar, respectively.
The low-temperature amplitude mode width to mass ratio
has been measured at ≈ 1.8K in both cases.
II. ϕ4 MODEL AND WIDTH OF THE
MAGNETIC EXCITATIONS
We are concerned with the long-wavelength charac-
teristics of magnetic excitations close to the magnetic
quantum critical point. In this regime the low-energy
physics is expected to be insensitive to the microscopic
details of the compound under consideration and can
be reliably studied within an effective model approach.
Here we employ the ϕ4 theory rather than a microscopic
spin-dimer model, previously applied to TlCuCl3 and
KCuCl3.
7 The magnetic excitations reflect then different
fluctuation modes of the three-component (N = 3) local
Ne´el order parameter ϕ whose dynamics is governed by
the Lagrangian
L =1
2
(∇ϕ)2 + 1
2
m2ϕ2 +
1
4
λ
(
ϕ
2
)2
+
1
2
δm2(ϕ)2 +
1
4
δλ
(
ϕ
2
)2
. (1)
Here m and λ denote the mass parameter and the cou-
pling constant, respectively, whereas δm and δλ are
the counter-terms introduced to cancel off the short-
wavelength divergences. We work in the natural units
by setting to unity the spin-wave velocity (c = 1), as well
as the Planck’s (~ = 1) and the Boltzmann (kB = 1)
constants. Both imaginary time τ and spatial coordi-
nates x, y, z have then the dimension energy−1, mass m,
field ϕ, and temperature are measured in the units of en-
ergy, while λ is dimensionless. The four-gradient symbol
takes then the form ∇ = (∂τ , ∂x, ∂y, ∂z).
In the disordered phase, where the physical (“dressed”
with quantum and thermal corrections) mass parameter
squared m2phys is positive, all the three fluctuation modes
of the local order parameter ϕ are equivalent param-
agnons of mass mp = mphys. In this case, the leading
order contribution to broadening of the magnetic excita-
tions (in the sense of perturbative expansion in the ef-
fective coupling constant λphys) comes out directly from
the quartic term 14λphys · (ϕ2)2 and is given by the sun-
set diagram, shown in Fig. 2(a). To derive explicit form
of m2phys and λphys one needs to specify computational
scheme which is detailed below.
In the Ne´el phase (m2phys < 0), the order parameter
acquires a non-zero expectation value, breaking the spin-
rotational symmetry of the system. Without loss of gen-
erality one can take 〈ϕ〉 = (0, . . . , 0, F ), where F 2 ≈
−m2phys/λphys. As a consequence of symmetry breaking,
the longitudinal and transverse fluctuations (defined, re-
spectively, as σ ≡ ϕN−F and πi ≡ ϕi for i = 1, . . . , N−1,
with N = 3) are no longer equivalent. Also, qualitatively
new interactions between σ and pi emerge, including the
three-point vertex Vσpipi = λphysF · σpi2. The leading
order process contributing to the amplitude mode damp-
ing is now generated by Vσpipi and is represented by the
one-loop diagram shown in Fig. 2(b).
By evaluating the diagrams of Fig. 2 (cf. Appendix A
and Ref. 8.), we find the full width to mass ratio of the
paramagnon above TN
αp ≡FWHMp
mp
=
3λ2phys(N + 2)
32π3
· T
2
m2p
· Li2(e−mp/T ) (2)
and that of the amplitude mode below TN
αH ≡FWHMH
mH
=
λphys(N − 1)
16π
· [1 + 2 · n(mH/2)],
(3)
respectively. Here Li2(x) =
∫ x
1
dt ln(t)1−t denotes the dilog-
arithm.
III. DETERMINANTION OF THE EFFECTIVE
PARAMETERS
The stability parameters of the paramagnon and the
amplitude mode, αp and αH [Eqs. (2)-(3)], are formally
3FIG. 2. Leading-order processes yielding broadening of (a)
paramagnons above the Ne´el temperature, (b) amplitude
mode below the Ne´el temperature. Labeling of the lines: P –
paramagnon, AM – amplitude mode, TM – transverse mode.
of different order in the effective coupling constant λphys,
i.e., αp = O(λ
2
phys) and αH = O(λphys). The propor-
tionality between αp and αH , established experimentally,
is hence inconsistent with the casual perturbation the-
ory. Here we perform a non-perturbative resummation
of both quantum and thermal fluctuations by the hy-
brid renormalization group (RG) method, which allows
to track down higher-order effects contributing to the
ratio αp/αH . Additionally, the latter approach is appli-
cable close both to the quantum and classical transitions
and hence provides a unified picture of the quantum crit-
ical phase diagram. This property makes it suitable for a
global comparison with experiments on dimerized antifer-
romagnets, where the magnetic excitations have probed
in all phases depicted in Fig. 1(a). Here we sketch the
derivation of the renormalization group equations and
provide the technical details in Appendix B.
The hybrid RG relies on the two scales: (i) renor-
malization scale µ, introduced by the procedure of sub-
tracting the short-range divergences, and (ii) infrared
momentum cutoff to the thermal fluctuations Λ, im-
plemented by redefining the Bose occupation factors
n(Ek) ≡ (exp(Ek/T ) − 1)−1 as n(Ek) ↔ nΛ(Ek) ≡
n(Ek) · θ(|k| − Λ), where θ is the Heaviside step func-
tion and Ek is the energy of the excitation of wavevector
k. In the Λ → 0 limit the full factor n(E) is recovered,
whereas for Λ→∞ all thermally excited modes are sup-
pressed (nΛ→∞ = 0).
The limit Λ→∞ corresponds hence to T → 0, where
the scale dependence of the running mass mµ and the
coupling constant λµ can be found by solving the T = 0
Callan-Symanzik equations


µ
∂λµ
∂µ
=
2(N + 8)
(4π)2
λ2µ, (4)
µ
m2
∂m2µ
∂µ
=
2(N + 2)
(4π)2
λµ. (5)
The physically relevant scale is provided by the param-
agnon mass in the disordered phase mp = mphys and
by the amplitude mode mass in the Ne´el state mH =
(2 · |m2phys|)1/2. Since Eqs. (4)-(5) describe essentially
mean field behavior with weakly scale-dependent loga-
rithmic corrections, we are allowed to take µ = |m2phys|1/2
in both phases without imposing significant error so that
m2phys(T = 0) = m
2
µ |µ=√|m2
phys
| and λphys(T = 0) =
λµ |µ=√|m2
phys
|.
Once the zero-temperature parameters are known, the
finite-temperature effects can be incorporated by pro-
gressively integrating out thermal fluctuations and mov-
ing from Λ → ∞ to Λ = 0. The initial conditions at
Λ = ∞ are now given by the physical zero-temperature
quantities. This step is equivalent to the Wilson ther-
mal renormalization group method, previously discussed
within the real-time9 and imaginary-time10 formulation
of thermal theory, and leads to the following set of dif-
ferential equations equations with respect to Λ:


Λ
dλΛ
dΛ
= (N − 1)λ2ΛI
′′
Λ(m
2
⊥,Λ) + 9λ
2
ΛI
′′
Λ(m
2
||,Λ), (6)
Λ
dm2Λ
dΛ
= (N − 1)λΛI
′
Λ(m
2
⊥,Λ) + 3λΛI
′
Λ(m
2
||)
−(N − 1)λ2F 2ΛI
′′
Λ(m
2
⊥,Λ)
−9λ2F 2ΛI
′′
Λ(m
2
||,Λ), (7)
where F 2Λ = max(0,−m2Λ/λΛ) is the square of the anti-
ferromagnetic order parameter, m2⊥,Λ ≡ m2Λ+λΛF 2Λ, and
m2||,Λ ≡ m2Λ + 3λΛF 2Λ. The temperature enters through
the expressions
I ′Λ(M2) =−
Λ3
2π2
n(
√
M2 + Λ2)√
M2 + Λ2
, (8)
I ′′Λ(M2) =−
Λ3
2π2
d
dM2
[
n(
√
M2 + Λ2)√
M2 + Λ2
]
. (9)
In the next section we analyze the solutions of the
above equations to determine the stability of the high-
temperature paramagnons.
IV. STABLE HIGH-TEMPERATURE
PARAMAGNONS
We now turn to the main result of the paper and ex-
plain the relation between αp(T ≫ TN ) and αH(T ≪
TN). For that purpose, we consider the coupling con-
stant λphys(T = 0) as a free variable and calculate
both αH(T ≪ TN ) and αp(T ≫ TN) as a function of
λphys(T = 0).
The low-temperature amplitude mode stability param-
eter αH(T ≪ TN ) is uniquely determined by λphys(T =
0) through Eq. (3). For T = 0 we obtain αH(T = 0) =
(N − 1) · (16π)−1 · λphys(T = 0).
In order to find αp(T ≫ TN ) we need to integrate the
thermal RG equations (6)-(7) with the initial conditions
λΛ=∞ = λphys(T = 0) and m
2
Λ=∞ = m
2
phys(T = 0).
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FIG. 3. (Color online) (a) Ratio of the high- to the low-
temperature coupling constants as a function of the low-
temperature coupling λphys(T = 0). (b) Normalized square of
the high-temperature paramagnon mass as a function of the
high-temperature coupling constant. TRG – thermal renor-
malization group. HTL – result of the resummation of the
hard thermal loops (see the text).
Note that the value of m2phys(T = 0) is irrelevant in the
limit T → ∞, where m2phys(T = 0)/T 2 → 0. The high-
temperature parameters are hence determined solely by
λphys(T = 0) and T . In Fig. 3(a) we plot the ra-
tio of the high- to the low-temperature coupling con-
stant as a function of log10 λphys(T = 0). In the weak-
coupling regime the effects of the thermal flow are neg-
ligible, thus λphys(T = 0) and λphys(T ≫ TN) can be
used interchangeably to formally control the perturba-
tion expansion (although, as we shall show, the flow
needs to be included to match quantitatively experimen-
tal data). In Fig. 3(b) the calculated square of the nor-
malized paramagnon mass m2p(T ≫ TN )/T 2 is shown
as a function of the high-temperature coupling constant
λphys(T ≫ TN) (black solid line). We observe that
mp ∝
√
λphys(T ≫ TN ) · T for λphys(T ≫ TN) ≪ 1.
In the weak-coupling limit one obtains analytically m2p =
(N + 2)/12 · λphys · T 2 if the thermal flow of the cou-
pling constant is neglected (red dashed line in Fig. 3.).
The same analytic expression can be derived by a dia-
grammatic resummation of the infinite class of the “hard
thermal loops”,8,11 which indicates the non-perturbative
origin of the thermal mass.
Since the masses appear in the denominators of the
magnon propagators, the order of some seemingly sub-
leading diagrams is reduced due to the relation mp ∝√
λphys(T ≫ TN). The latter leads to reorganization of
the perturbation expansion so that the width to mass
ratio of the paramagnon at high temperatures, given by
Eq. (2), now takes the form
αp =
λ2phys(N + 2)
64π
· T
2
m2p
+O
(
λ
3/2
phys lnλphys
)
, (10)
where we have made use of the formula Li2(exp(−x)) =
π2/6 + O(x ln x) for x → 0. The first term on the
right-hand-side of Eq. (10) is O(λphys). Since the re-
mainder is of the subleading order O(λ
3/2
phys lnλphys), it
should be discarded (otherwise, one would need to in-
clude the higher-loop corrections as well for the sake of
consistency). The value of αp(T ≫ TN ) can be now ob-
tained by substituting the calculated paramagnon mass
mp(T ≫ TN) = mphys(T ≫ TN) and the coupling con-
stant λphys(T ≫ TN) into Eq. (10). Note that, since
we insert the resummed quantities into the perturba-
tive (two-loop) expression, the latter procedure should
be viewed as a variation of renormalized perturbation
theory and might be not valid arbitrarily close to the
classical transition point. The corrections are, however,
expected to be logarithmically small in the renormalized
mass scale,12,13 hence we are not concerned with them
in the present discussion. It now becomes apparent that,
due to the emergence of the thermal mass, αp(T ≫ TN )
is of the same order as αH(T → 0), allowing for the linear
scaling between these quantities.
The calculated relation between αp(T ≫ TN) and
αH(T ≪ TN) is depicted in Fig. 4(a) by a black solid
line, which is the main result of the paper. In the regime
of stable low-temperature amplitude mode (αH . 0.2),
we get αp(T ≫ TN) ≈ αH(T ≪ TN) in agreement with
experiment (the dashed straight line αp = αH is guide
to the eye and the solid squares are experimental data
for TlCuCl3). The shaded area in Fig. 4(a) is defined
by the requirement that the effective zero-temperature
quartic coefficient λphys(T = 0)/4 is smaller than one,
which ensures applicability of the renormalized pertur-
bation theory based on Eqs. (3) and (10). On general
grounds, one expects to fall into this regime sufficiently
close to the quantum critical point. Indeed, by inspec-
tion of the T = 0 RG equation (6) one can see that, for
mH → 0, λphys(T = 0) ∝ 1/ ln(mH/µ0), where µ0 is
a (non-universal) metric factor. In this limit one hence
gets λphys(T = 0)→ 0 and the computational procedure
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FIG. 4. (Color online) (a) The relation between the stability parameters of the high-temperature paramagnons and the low-
temperature amplitude mode. The black solid line is the solution to the thermal renormalization group (TRG) equations
and the dashed line αp = αH is guide to the eye. Solid squares are experimental data of Ref. 5. The red dot-dashed line
shows the relation between αp(T ≫ TN) and αH(T ≪ TN) calculated with discarded thermal flow of the coupling constant.
The shaded area is defined by the condition λphys(T = 0)/4 < 1 that marks the regime of applicability of the renormalized
perturbation theory. (b) The ratio of the thermal- to the zero-temperature coupling constant as a function of temperature for
the parameters chosen so that αH(T = 0) = 0.15. (c) The calculated normalized width FWHMp/T of the paramagnons as a
function of temperature (solid line) for αH(T = 0) = 0.15 that roughly corresponds to the experimental value for TlCuCl3 at
p = 1.75 kbar. The green points are the data extracted from Ref. 5. (d) Thermal flow of the parameters for T = 1.5 · TN and
αH(T = 0) = 0.16. The dashed lines are guides to the eye.
becomes well controlled.
In Fig. 4(a) we also plot the relation between αp(T ≫
TN) and αH(T ≪ TN) calculated with neglected thermal
flow of the coupling constant, i.e. λphys(T = 0) is used
in Eq. (10) instead of λphys(T ≫ TN ) (red dot-dashed
line). The effect of renormalization of λphys(T ) is sig-
nificant in the experimentally accessed parameter range
and must be included to match the data. To further il-
lustrate this point, in Fig. 4(b) we plot the temperature
dependence of λphys(T )/λphys(T = 0) for the the param-
eters chosen so that αH(T = 0) = 0.15. For T ≫ TN
(i.e., in the regime most relevant to the present discus-
sion) the coupling constant saturates at the value reduced
relative to λphys(T = 0). This downward renormaliza-
tion is reflected in the value of the paramagnon stability
parameter αp(T ≫ TN) and thereby in the proportion-
ality factor between αp(T ≫ TN) and αH(T ≪ TN).
As one moves towards the Ne´el temperature, the effects
of fluctuations become even more pronounced and λphys
approaches zero for T → TN . The latter behavior is
an indirect manifestation of critical slowing down, which
requires that the paramagnon decay rate τ−1p goes to
zero as the classical transition is approached.12,14 Indeed,
from the relation τ−1p ∝ FWHMp and Eq. (10) it fol-
lows that τ−1p ∝ λ2phys(T )/mp(T ) · T 2. Since the para-
magnon gap closes (mp → 0) for T → TN , one arrives
at λphys → 0 in this limit. Critical slowing down can
be also seen directly by plotting the normalized param-
agnon width FWHMp/T vs temperature [black solid line
in Fig. 4(c)]. We observe that the calculated FWHMp/T
goes to zero for T → TN as anticipated. The solid squares
in Fig. 4(c) are experimental values of FWHMp/T for
specific pressure p = 1.75 kbar, extracted from Ref. 5.
While the saturation of FWHMp/T at high tempera-
tures exhibits the tendency for saturation in agreement
with thermal RG prediction, there is a qualitative differ-
ence close to the classical as the measured FWHMp/T
increases close to TN . This point will be addressed in
greater detail in the following section.
Finally, a typical thermal RG flow of the parameters
is depicted in Fig. 4(d). The initial conditions at Λ =∞
correspond to the Ne´el phase (m2Λ=∞ < 0). The thermal
effects become significant for Λ ∼ 3 · T and drive the
system to the disordered phase (m2Λ=0 = m
2
phys > 0) in
the physical limit Λ→ 0.
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FIG. 5. (Color online) Fit to the experimental data of Ref. 5.
(solid squares). Blue line – hybrid RG. Black dashed line –
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√
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V. COMPARISON WITH EXPERIMENT:
TlCuCl3
In order to make comparison of the hybrid RG results
with the experimental data for the case of a dimerized
antiferromagnet TlCuCl3 across the phase diagram, one
needs to address relevant material-specific features, such
as easy-plane type magnetic anisotropy ∆an ≈ 0.38meV,
present in this compound. The latter becomes apprecia-
ble if some of the paramagnon masses are smaller than
∆an. It happens, e.g., in a narrow slab around the clas-
sical transition line, where the anisotropy is expected to
induce the crossover from SU(2) to XY behavior. For
TlCuCl3 at p = 1.75 kbar the above condition is fulfilled
for T/TN − 1 ∼ 0.4. Remarkably, below this tempera-
ture, the experimental FWHMp/T starts to increase [cf.
Fig. 4(c)], which is difficult to reconcile with the antici-
pated critical slowing down, reproduced by the thermal
RG calculation [solid line in Fig. 4(c)]. Similar behavior
has been observed in other anisotropic antiferromagnets,
e.g., S = 52 MnF2 and Rb2MnF4.
15,16 From the rela-
tions FWHMp/T ∝ λ2phys/mp · T and λphys = λΛ |Λ=0
one can see that such an upturn of FWHMp/T is consis-
tent with a partial suppression of the thermal RG flow
of λΛ below the scale of ∆an. Motivated by this observa-
tion, instead of systematic inclusion of the anisotropies
as new critical variables, we adopt a heuristic approach
and cut off the flow of the coupling constant by taking
µ = max(|m2phys|1/2,∆an) as the renormalization scale
and performing a shift in the infrared-singular polar-
ization loop contributions to the thermal RG equations
[I ′′Λ(M2)→ I ′′Λ(M2 +∆2an) in Eqs. (6)-(7)].
At this point we are fully equipped to make a com-
parison of the hybrid RG results with experiment and
proceed as follows. We define the theory at an arbi-
trarily chosen scale µ0 = 1meV and end up with two
free parameters: m2µ0 and λµ0 . Close to the critical
pressure, we can further expand m2µ0(p) = a · (p − pc),
where a is a numeric coefficient. The two numbers a
and λµ0 are obtained by fitting to the pressure depen-
dence of the Ne´el temperature for TlCuCl3 with the re-
sult a = 0.53meV2kbar−1 and λµ0 = 7.25. The quality
of the fit (blue line in Fig. 5) is remarkable, in contrast
to a fit by a simple mean field form TN(p) = b ·
√
p− pc
that yields b ≈ 5.83K · kbar−1/2 (dotted line). Such
a non-trivial pressure dependence of the Ne´el temper-
ature is likely a manifestation of the logarithmic cor-
rections to scaling at the upper critical dimension, ac-
counted for by the Callan-Symanzik equations.17,18 With
no other fitting parameters, we can now calculate masses
and widths of magnetic excitations across quantum and
classical transitions by using the RG equations (4)-(5),
(6)-(7), combined with Eqs. (3) and (10). The results
are confronted with the experimental data of Ref. 5 in
Fig. 6.
The temperature dependence of masses of the mag-
netic excitations for the two selected values of pressure
is shown in Fig. 6(a). At low temperatures the data re-
fer to the amplitude mode in the Ne´el phase, while at
high temperatures to the paramagnon in the disordered
state. The transitions between these phases are marked
by closing of the gaps at the pressure-dependent Ne´el
temperature TN(p). The same quantities as a function of
pressure for fixed temperature, are depicted in Fig. 6(b).
The corresponding width to mass ratios along T =
const. and p = const. lines are shown in Figs. 6(c) and
(d), respectively. One can see that the inclusion of the
empirical anisotropy scale ∆an has allowed to reconcile
the theoretically predicted critical slowing down with the
sharp increase of αp and αH close to the Ne´el tempera-
ture. Moreover, the relevance of residual quantum fluc-
tuations (manifested as corrections to the mean scaling
at low-temperatures) can be inferred from Fig. 6(c). It
can be shown by noting that, at the lowest temperatures
T < 2K, the measured width to mass ratio of the ampli-
tude mode increases by ∼ 100% as the pressure is varied
from 1.75 to 3.6 kbar (corresponding to over three-fold
change of the distance from the quantum critical point
p − pc). Since in this temperature range kBT is by an
order of magnitude smaller than the amplitude mode en-
ergy [cf. Fig. 6(a)], damping is dominated by the quan-
tum contribution αH ≈ (N − 1)(16π)−1 · λphys(T = 0).
The low-energy behavior of the amplitude mode stability
parameter αH is then controlled by the coupling constant
λphys(T = 0) which is suppressed at logarithmically slow
rate close to the quantum critical point. This relatively
weak effect is correctly reproduced by the hybrid RG that
also quantitatively agrees with experiment [cf. Fig. 6(c)].
Solving both T = 0 RG equations (4)-(5) and thermal
RG equations (6)-(7) is hence necessary to match the
data across the phase diagram.
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FIG. 6. (Color online) (a)-(d) Temperature- and pressure- dependence of masses and widths of the magnetic excitations in
TlCuCl3. The curves in the low-temperature regime above pc = 1.07 kbar correspond to the amplitude (Higgs) mode, whereas
in the high-temperature and low-pressure range to the paramagnons. (e)-(f) Masses and widths of the magnetic excitations at
critical pressure as a function of temperature. In all panels the solid lines are solutions to the hybrid RG equations, while the
solid squares are the experimental data of Ref. 5.
Finally, in Figs. 6(e)-(f) the temperature dependence
of the full widths and masses of the magnetic excitations
is presented as a function of temperature at the criti-
cal pressure pc ≈ 1.07 kbar. The hybrid RG solution for
the paramagnon mass obeys a linear-T scaling and agrees
quantitatively with experiment at low temperatures. The
width of the paramagnon, however, deviates from linear
T -dependence and exhibits a hump close to T = 4K.
We attribute this behavior to the spin anisotropy ∆an
which remains non-zero across the phase transition and
becomes comparable with the thermal mass around this
temperature. Interestingly, a weak feature can be seen
seen in the experimental data at ∼ 3K, but detailed anal-
ysis cannot be performed due to small numbers of avail-
able data points. Worse agreement of the thermal RG
result with experiment in Fig. 6(f) relative to Figs. 6(a)-
(e) is likely a consequence of approximate inclusion of
magnetic anisotropy in our analysis.
VI. SUMMARY AND DISCUSSION
We have proposed a mechanism leading to a linear scal-
ing (with proportionality factor ≈ 1) between the width
to mass ratios of the high-temperature paramagnon and
the low-temperature amplitude (Higgs) mode in a dimer-
ized antiferromagnet TlCuCl3, based on: (i) reorganiza-
tion of the perturbation expansion by the emergence of
the thermal mass ∼ √λphys · T and (ii) sizable thermal
flow of the effective mutli-magnon coupling λphys.
The hybrid Callan-Symanzik + thermal RG approach
has allowed us to include both characteristics of the quan-
tum critical point (such as logarithmic suppression of
the zero-temperature coupling constant) and the classi-
cal critical point (e.g., critical slowing down close to the
classical transition). These aspects of the hybrid RG ap-
proach, after inclusion of the empirical anisotropy scale,
have made it possible to perform a successful compari-
son with experimental data for TlCuCl3 across the phase
diagram in the pressure-temperature plane.
At the end, we would like to point out that there exist
alternative approaches to damped excitations, implicitly
involving resummation of subclasses of higher-order pro-
cesses. One of them is based on substitution of “dressed”,
rather than bare, propagators into the expressions for
the dynamical structure factors of magnetic modes. This
approach has been employed in the context of the lon-
gitudinal spin fluctuations in iron pnictides,19 and ex-
tended to a dimerized antiferromagnet20 which yields a
good agreement with the experimental data for TlCuCl3
in the disordered phases for p > pc and p = 0kbar, but
fails in the intermediate regime 0 < p < pc. The hybrid
renormalization group, used here, agrees with the data
reasonably well in the disordered state for both p > pc
and 0 < p < pc, but overestimates FWHMp for the low-
est pressure p = 0kbar at T = 5.8K (cf. Figs. 6(a)-(d)
and the subsequent discussion in Sec. V).
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8Appendix A: Widths of the magnetic excitations
In this Appendix all the calculations are performed us-
ing resummed parameters m2phys and λphys, but we omit
the subscripts for brevity.
1. Amplitude mode below TN
The leading order process, giving rise to the amplitude
mode decay, is given by the diagram of Fig. 2(b) whose
contribution to the mass operator ΣH(iωn,k) reads
ΣH =λm
2
H(N − 1) · T
∑∫
m
d3q
(2π)3
GTM(iωn−m,k− q)×
×GTM(iωm,q), (A1)
where ωn = 2πn/T are bosonic Matsubara frequencies
and GTM(iωn,k) = (ω
2
n + k
2)−1 denotes the propagator
of the spin-wave mode.
The imaginary part of the real-time mass operator at
the magnetic zone center Σ
′′
H(E,0) can be evaluated by
switching to the real-time representation
1
ω2n + E
2
k
=
1/T∫
0
dτ
eiωnτ
2Ek
· [eτEknk + e−τEk(1 + nk)] ,
(A2)
and performing analytic continuation iωn → E + iǫ after
working out the integrals over τ variables. The full width
of the amplitude mode FWHMH is then evaluated as
FWHMH ≡Σ
′′
H(mH ,0)/mH = πλmH(N − 1)×
×
∫
d3q
(2π)3
δ(mH − 2Eq) · 1 + 2nq
(2Eq)2
=
=
λmH(N − 1)
16π
· [1 + 2 · n(mH/2)], (A3)
from which Eq. (3) follows.
2. Paramagnons above TN
The contribution to the paramagnon mass operator
from the diagram, shown in Fig. 2(a), is given by
Σp =2λ
2(N + 2) · T
∑∫
m
d3q1
(2π)3
d3q2
(2π)3
Gp(iωn−m,k− q1)×
×Gp(iωm−l,q1 − q2) ·Gp(iωl,q2), (A4)
where Gp(iωn,k) = (ω
2
n + k
2 + m2p)
−1. By switching
to the real-time representation and performing analytic
continuation iωn → E + iǫ, we arrive at Σ′′p(E,0) ≡
Σ
(1)′′
p (E,0) + Σ
(2)′′
p (E,0), where
Σ(1)
′′
p =3
∫
d3q1
(2π)3
d3q2
(2π)3
δ(E − Eq1 − Eq1 + Eq1−q2)
(2Eq1) · (2Eq2) · (2Eq1−q2)
×
×
[
e(−Eq1−Eq1+Eq1−q2 )/T − 1
]
· (1 + nq1)×
× (1 + nq2) · nq1−q2 · 2λ2(N + 2), (A5)
Σ(2)
′′
p =
∫
d3q1
(2π)3
d3q2
(2π)3
δ(E − Eq1 − Eq1 − Eq1−q2)
(2Eq1) · (2Eq2) · (2Eq1−q2)
×
×
[
e(−Eq1−Eq1−Eq1−q2)/T − 1
]
· (1 + nq1)×
× (1 + nq2) · (1 + nq1−q2) · 2λ2(N + 2). (A6)
for E > 0. By inspecting the arguments of the Dirac
delta functions in Eqs. (A5)-(A6) one can see that the
first term Σ
(1)′′
p involves paramagnons from the thermal
bath and hence is non-zero for E = mp, while Σ
(2)′′
p is the
three-paramagnon decay process process which vanishes
for E < 3mp. It is then sufficient to calculate Σ
(1)′′
p .
By introducing dimensionless variables x = Eq1/T and
y = Eq2/T we arrive at the formula
Σ(1)
′′
p (mp,0) =
3λ2(N + 2)
32π3
· T 2 · (1− e−mp/T )×
×
∞∫
mp
T
dx
∞∫
mp
T
dy
1
e−x − 1
1
e−y − 1
1
ex+y−mp/T − 1 =
=
3λ2(N + 2)
32π3
· T 2 · Li2(e−mp/T ), (A7)
where Li2(x) is the dilogarithm. The full width of the
paramagnon then reads FWHMp = Σ
(1)′′
p (mp,0)/mp and
Eq. (2) is thus reproduced.
Appendix B: Derivation of the RG equations
We start with the Lagrangian, given by Eq. (1). The
model can be discussed in a unified manner both at T = 0
and T > 0 in terms of the quantum effective action,
which is a generator of the one-particle irreducible vertex
functions.21 At the one-loop level, the latter may be com-
puted by performing the shift ϕ → ϕcl + δϕ, where ϕcl
is the classical field, and integrating out the fluctuations
quadratic in δϕ. One obtains
Seff = S[ϕcl]+
1
2
Tr ln{(−∆+m2)δαβ+
+λϕ2cl[P
αβ
⊥ + 3P
αβ
|| ]}, (B1)
where S(ϕcl) =
∫ 1/T
0 dτ
∫
d3xL(ϕcl), and Pαβ|| =
ϕαclϕ
β
cl/ϕ
2
cl, P
αβ
⊥ = δ
αβ − Pαβ|| are projectors onto the di-
rections parallel and perpendicular to the classical field
9ϕcl, respectively. The effective potential for a constant
field ϕicl = Fδ
i,N is then given by Veff(F ) = TV · Seff(ϕcl),
where V is the volume of space.
We identify the physical temperature-dependent mass
parametermphys(T ) and coupling constant λphys(T ) with
the proper derivatives of the effective potential, taken at
its minimum, i.e.,
m2phys =
∂2Veff
∂F 2
− 1
2
F 2
∂4Veff
∂F 4
= m2 + δm2+
+ λ[(N − 1)A(m2 + λF 2) + 3A(m2 + 3λF 2)]
− λ2F 2[(N − 1)B(m2 + λF 2)+
+ 9B(m2 + 3λF 2)], (B2)
λphys =
1
6
∂4Veff
∂F 4
= λ+ δλ+ λ2[(N − 1)B(m2 + λF 2)+
+ 9B(m2 + 3λF 2)], (B3)
where
A(M2) =A0(M2) +
∞∫
0
dkk2
2π2
n(
√
M2 + k2)√
M2 + k2
, (B4)
B(M2) =B0(M2) +
∞∫
0
dkk2
2π2
d
dM2
n(
√
M2 + k2)√
M2 + k2
, (B5)
A0(M2) =µ2ǫ
∫
d4−2ǫk
(2π)4−2ǫ
1
k2 +M2
= − M
2
(4π)2
×
×
(
1
ǫ
− γ + ln( µ
2
M2
) + ln(4π) + 1 +O(ǫ)
)
,
(B6)
B0(M2) =− µ2ǫ
∫
d4−2ǫk
(2π)4−2ǫ
1
(k2 +M2)2
= − 1
(4π)2
×
×
(
1
ǫ
− γ + ln( µ
2
M2
) + ln(4π) +O(ǫ)
)
, (B7)
and γ ≈ 0.5772 denotes the Euler’s constant. The term
−1/2·F 2 ·∂2Veff/∂F 2 in the definition ofm2phys [Eq. (B2)]
is to cancel the trivial shift coming from the quartic in-
teraction λϕ4 in the ordered phase (F 2 > 0). The in-
tegrals A(M2) and B(M2) [Eqs. (B4)-(B5)] have been
split into the zero temperature parts A0 and B0, and
finite-temperature remainders. The short-range diver-
gences are contained only in A0 and B0 which have been
computed by dimensional regularization with ǫ = 2−D/2
and µ being the regularization scale.
To this point, the expressions (B2)-(B3) are equiva-
lent to the environment-dependent resummation scheme,
developed in Ref. 22. In the following subsections we
describe renormalization group improvement of this pro-
cedure.
1. Callan-Symanzik equations
Since at finite temperatures, no new divergences are
generated, one can first set T = 0 (or, equivalently, in-
troduce the cutoff to the Bose factors n(Ek)→ n(Ek)×
θ(|k| − Λ) and take the limit Λ → ∞). The 1/ǫ terms,
divergent for D → 4, are now cancelled by the counter-
terms
δm2
m2
=
λ(N + 2)
(4π)2
·
(
1
ǫ
− γ + ln(4π) + 1
)
, (B8)
δλ =
λ2(N + 2)
(4π)2
·
(
1
ǫ
− γ + ln(4π)
)
(B9)
so that the limit ǫ→ 0 can be taken. Note that the form
of countertems is the same for F = 0 (disordered phase)
and F 2 > 0 (ordered phase).
For F = 0 and T = 0 one arrives then at the simple
expressions
m2phys =
d2Veff
dF 2
= m2 − 2(N + 2)λ
(4π)2
·m2 · ln( µ
m
), (B10)
λphys =
1
6
∂4Veff
∂F 4
= λ− 2(N + 8)λ
2
(4π)2
· ln( µ
m
). (B11)
Equations (4)-(5) can now be obtained from the re-
quirement that the bare vertex functions do not depend
on the scale µ. Technically it can be achieved by re-
quiring that the total derivative of the right-hand-side of
Eqs. (B10)-(B11) is zero to the leading order in λ. More-
over, one can also see that m2phys = m
2
µ |µ=mphys and
λphys = λµ |µ=mphys .
In the ordered phase the discussion is more subtle as
Eqs. (B2)-(B3) become spoiled by infrared divergences
arising from the massless Goldstone modes. This prob-
lem can be overcome by noting that the physical pa-
rameters, controlling the amplitude mode, are defined by
vertex functions at energy scale E ∼ mH ∼
√
2|m2phys|
rather than at E = 0 as implicitly encoded in the effec-
tive potential (this issue is not essential in the disordered
phase, where the divergences are suppressed by the para-
magnon mass). Taking that into account would effec-
tively cut off the contribution from the Goldstone modes
at E ∼ mH . Here we adopt the formulasm2phys(T = 0) =
m2µ |µ=√|m2
phys
| and λphys(T = 0) = λµ |µ=√|m2
phys
| for
both ordered and disordered phase.
2. Thermal renormalization group
We now recover the finite-temperature physics by go-
ing from Λ = ∞ to Λ = 0 in the Wilson renormal-
ization group sense. By integrating out thermal fluc-
tuations with wavevectors |k| in the infinitesimal slabs
10
(Λ,Λ + dΛ) and taking into account the flow of the pa-
rameters through the process, from Eqs. (B2)-(B7), we
get
λΛ+dΛ =λΛ + (N − 1) · λ2Λ · I
′′
Λ(m
2
⊥,Λ) ·
dΛ
Λ
+ 9λ2Λ · I
′′
Λ(m
2
||,Λ) ·
dΛ
Λ
, (B12)
and
m2Λ+dΛ =m
2
Λ + (N − 1)λΛ · I
′
Λ(m
2
⊥,Λ) ·
dΛ
Λ
+ 3λΛ · I
′
Λ(m
2
||,Λ) ·
dΛ
Λ
− 9λ2ΛF 2Λ · I
′′
Λ(m
2
||,Λ) ·
dΛ
Λ
− (N − 1)λ2ΛF 2Λ · I
′′
Λ(m
2
⊥,Λ) ·
dΛ
Λ
, (B13)
where I ′Λ and I ′′Λ are given by Eqs. (8)-(9). Equa-
tions (B12)-(B13) can be now transformed into Eqs. (6)-
(7).
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